Proliferating cells properly divide into their daughter cells through a process that is mediated by kinetochores, protein-complexes that assemble at the centromere of each sister chromatid. Each kinetochore has to establish a tight bipolar attachment to the spindle apparatus before sister-chromatid separation is initiated. The Spindle Assembly Checkpoint (SAC) links the biophysical attachment status of the kinetochores to mitotic progression, and ensures that even a single misaligned kinetochore keeps the checkpoint active. The mechanism by which this is achieved is still elusive. Current computational models of the human SAC disregard important biochemical properties by omitting any kind of feedback loop, proper kinetochore signals, and other spatial properties such as the stability of the system and diffusion effects. To allow for more realistic in silico study of the dynamics of the SAC model, a minimal mathematical framework for SAC activation and silencing is introduced. A nonlinear ordinary differential equation model successfully reproduces bifurcation signaling switches with attachment of all 92 kinetochores and activation of APC/C by kinetochore-driven feedback. A partial differential equation model and mathematical linear stability analyses indicate the influence of diffusion and system stability. The conclusion is that quantitative models of the human SAC should account for the positive feedback on APC/C activation driven by the kinetochores which is essential for SAC silencing. Experimental diffusion coefficients for MCC sub-complexes are found to be insufficient for rapid APC/C inhibition. The presented analysis allows for systems-level understanding of mitotic control and the minimal new model can function as a basis for developing further quantitative-integrative models of the cell division cycle.
Introduction
phases. Mitotic regulation is also challenging theoretically as computational methods can be hindered by the combinatorial explosion in the number of intermediate components (complexes) and explicit representations. Also, the different components often interact nonlinearly in space and time, and in the presence of various feedback loops, which lead to remarkable phenomena that are difficult to predict [15, 28, 36, 16, 14, 61] . Mathematical models have helped to illuminate fundamental modules of the SAC controls [8, 53, 21, 40, 20, 22, 27, 45, 37, 25, 13, 24, 26, 29, 3] . These models yet conceived SAC activation on details molecular level in order to distinguish between different pathways. However, none of these models have considered SAC silencing, included important properties such as feedback loops (e.g. the APC/C positive feedback activation loop) or have been subjected to stability analyses. In this study, a concise model for both SAC activation and silencing in humans was engineered, accounting for all kinetochore signals and also the APC/C activation loop. Ordinary differential equation (ODE) model simulations were computed, along with a single parameter bifurcation analysis. The effects of important parameters on the dynamics of the system were then studied, followed by a partial differential equation (PDE) model and its linear stability with various parameter values.
Mathematical Framework for the SAC Mechanism

Biochemical Reaction Equations
The SAC model shown in Fig. 1 was manually reduced to a core model that contains three biochemical reaction equations (Eqs. (1-3) ) describing the dynamics of the following four species: I (Inhibitor production like Mad2 or Cdc20 or BubR1), I* (cf. MCC), I*:APC/C (or MCC:APC/C), and APC/C. Four additional additional reactions (Eqs. (4-7)) were incorporated to represent the production and degradation of both Cyclin B and Securin. Mathematically, these additional reactions do not affect the overall dynamics. The full biochemical reaction rules describing the SAC system are:
[I] 
[Securin]
Where Att.-Kin and Un.-Kin refer to attached and unattached kinetochores, respectively. The APC/C positive feedback-loop that is driven by the kinetochore is incorpo- [5, 42] . O-Mad2 is able to transiently bind Cdc20 (R1). Meanwhile, O-Mad2 is recruited to unattached kinetochores by Mad1-C-Mad2 to form the ternary complex Mad1:C-Mad2:O-Mad2* [5, 42] , which can bind Cdc20 efficiently, and switches to a closed conformation upon Cdc20-binding (R2-R3). The resulting complex, Cdc20:C-Mad2, together with BubR1:Bub3, forms the tetrameric mitotic checkpoint complex (MCC, R4), which is a potent inhibitor of APC/C. The Cdc20 also binds the BubR1:Bub3 complex independently (R5). MCC, which contains Cdc20 as a subunit, can bind an additional free Cdc20 (R6). APC/C inhibition (yellow box): The symbol I n refers to APC/C potential inhibitors (cf. MCC, Mad2:Cdc20, bubR1:bub3, and MCF2; see R7). The I m symbol denotes the ability of the MCC complex to additionally inhibit Cdc20 that is already bound to APC/C (R8). APC/C activation (green box): When all 92 kinetochores are correctly attached from opposite poles to the mitotic spindle, the SAC is switch off and APC/C is activated by Cdc20 via the APC/C:Cdc20 complex (R9). Mitotic Exit (blue box): Active APC/C contributes to the degradation of mitotic Cyclin B (R10), and causes Securin (budding yeast Pds1) to be tagged for degradation by the proteasome, making Seprase fully active (R11). rated in Eq. (3.
Ordinary Differential Equation Model
The reaction rules (Eqs. (1-7) ) can be translated into sets of time-dependent nonlinear ordinary differential equations (ODEs). The translation is done by applying the general principles of mass-action kinetics, computing dS/dt = N v(S) with state vector S, flux vector v(S) and stoichiometric matrix N . This results in one time-dependent ODE for each species such as Cyclin B or Securin. For example the equation for Cyclin B would be:
Partial Differential Equations Model
Adding a diffusion term to each differential equation transforms the system into a set of coupled partial differential equations (PDEs) known as the Reaction-Diffusion system, that are functions of space and time and the following general form:
Where [C i ] denote concentrations for species i = {1, ..., 6}. On the right hand side, the first term refers to the diffusion and the second term represents the biochemical reactions R j = {R 1 , ..., R 7 } for species i. The constant coefficient D i represents its species diffusion. t is time and P represents phenomenological parameters. The operator ∇ refers to the spatial gradient in spherical coordinates ( ∇(r, θ, ϕ) = ∂ ∂ϕ e ϕ ). Recent mathematical models of the SAC mechanism show that spherical symmetry can be used without loss of generality [27, 20] , and this form is used here. The system in Eq. (8) reduces to the following PDEs depending on t and r:
Numerical Simulations
The ODE models were implemented in the freely-available software package XPPAUT [9] and integrated using a stiff solver. The bifurcation analyses were computed with AUTO [7] using the XPPAUT interface. The PDE reaction-diffusion systems were implemented in matlab (MathWorks) and simulated using the pdepe function. The pdepe solver can handle systems of parabolic and elliptic PDEs in one space variable and time, perfectly matching the presented SAC model. This function uses the method of lines, spatially discretizing the problem in space and converting it to a system of ordinary differential equations that can be solved using the numerical stiff solver ode15s in Matlab [56] . The ode15s ODEs solver can solve the differential-algebraic systems that frequently arise in PDE systems.
The same initial concentrations were applied to all models for comparability and consistency ( Table 1) . The specific values were chosen according to data from the literature ( [60, 57, 11, 19, 34, 48, 58, 38, 59] ). The kinetic rate constants were also taken from literature when available (e.g. [33, 41, 5, 43, 24] ; Table 1 ). For the rate constants (k 1 , and k 3 , see Table 1 ), several computations with values representing the whole physiologically reasonable parameter range were compared (see Fig. 2D and Fig. 3 ). The trajectories are discussed in corresponding figures.
Model Assumptions
In the PDE simulations, the cell is taken to be a sphere with radius R. The last unattached kinetochore is modeled as a sub-sphere (radius r) located in the center of the cell. Boundary conditions are assumed to be reflective and the numbers of all interacting elements are assumed to be conserved. The PDEs are assumed to be spherically symmetric. Reactions are considered to follow the mass-action-kinetics law and all rate constants are listed in (Table 1 ). The initial conditions for the PDEs are correspond to uniform distribution. The reason is that APC/C is found experimentally to be localized at kinetochores, spindles and poles [62, 35] while MCC is found to be localized in both the kinetochores and the cytosol [29] . Thus it is most appropriate to assume a uniform distribution. 6 
Results and Discussions
Ordinary Differential Equation SAC Model
The SAC mechanism ( Fig. 1) consists of four modules: Inhibitors production ( Fig. 1  red box) , APC/C inhibition ( Fig. 1 yellow box) , APC/C activation ( Fig. 1 green box) , and mitotic exit ( Fig. 1 blue box) . This mechanism was reduced to a minimal core model (shaded area shown in Fig. 2A ) comprising three reaction equations (R1-R3) that describe the dynamics of four main species: I (represents either Mad2 or Cdc20 or BubR1), I* (cf. MCC), I*:APC/C (or MCC:APC/C), and APC/C. These reactions were translated into a set of coupled nonlinear ordinary differential equations under the assumption of mass action kinetics for all reactions. In order to further reduce the model, the following biochemical assumptions were assumed. The total concentration of APC/C in the system is constant and can be calculated using [ can be written as the following pair of nonlinear ODEs:
Finally, an extended model is generated by adding Cyclin B, Securin, and also presuming that APC/C is in steady state, so that putting the total concentration of [APC/C] tot into the system gives the following full ODE-based model:
[I*:
where,
And U refers to the number of unattached kinetochores that have an additional ODE equation: dU/dt = −α.U . A refers to the number of attached kinetochores and is equal to A = 92 − U . It is clear that the addition of Cyclin B and/or Securin does not affect the system's behavior because these species depend on the active APC/C level. The results of numerical simulations (see Section 2.4) are shown in Fig. 2B . They are consistent with experimental findings in terms of APC/C level and the timing of anaphase [1, 40] . The concentration of APC/C (Fig. 2B brown line) is very low even when a single kinetochore is not attached. After around 18 minutes, the APC/C activity increases rapidly to reach its maximum value. The complexes I*:APC/C (or MCC:APC/C) exhibit behavior that is opposite to that of APC/C (Fig. 2B, red line) . I* concentration follows I*:APC/C with a difference only in the initial concentration (Fig. 2B, blue line) .
A one parameter bifurcation analysis was performed for the nonlinear ODE-based system (Eqs. 12 and 13). Simulations of the bifurcation curves were performed using the AUTO software (Section 2.4). The desired behavior is a bistable switch influencing the total I* as kinetochores are attached one-by-one. Fig. 2C shows the result, which is a typical S-shape in the number of attached kinetochores as a function of the total concentration of the inhibitor, I*. Solid lines refer to stable nodes while dashed lines refers to the unstable saddles. Stable and unstable states meet at saddle node bifurcation points that are indicated by solid circles. When nearly all kinetochores are attached (91.85 kinetochores), the SAC checkpoint turns off and APC/C is activated rapidly. Total I* falls back to zero as the cell exits from mitosis. The black line indicates how the switch alternates between the SAC-active and SAC-inactive states as the number of attached kinetochores increases. All parameters were taken from Table 1 .
In order to determine the sensitivity to parameter values, various ranges of parameter values were examined (Fig. 2D and Fig. 3 ). The bifurcation diagram is most sensitive to k 1 values. The working range is between 0.01s −1 and 30s −1 . As k 1 increases, the bifurcation point and curve are shifted to the right (Fig. 2D) . Low values of k 1 (c.f. 0.01s −1 ) initiate the SAC switch before 83 kinetochores are attached, which could cause grave risk to the cell. All other k 1 values higher than 0.5s −1 generate a safe and appropriately-timed switch. k 3 values have some minor effects on the system (Fig.  3) . Its working values are between 0.01s −1 ad 100s −1 . Increasing k 3 value to 100 can shift the bifurcation point higher to meet at higher amount of total I*. 
Partial Differential Equation SAC Model
Several studies have indicated the importance of diffusion in the SAC mechanism (e.g. [8] , [20] ). However, these models represented either smaller budding yeast cells using PDEs or detailed SAC activation using ODEs. Here, a minimal core SAC model represented by PDEs is examined.
Cyclin B and Securin reactions are eliminated because these reactions are the output of active APC/C and cannot affect APC/C regulation. To this end, a second derivative diffusion term was added to the SAC system (Eq.11-Eq.10), which leads to a set of coupled partial differential equations known as a Reaction-Diffusion system with spherical symmetry (Section 2.3):
(17) These are supplemented by reflective (Neumann) boundary conditions and assumptions of spherical geometry for the cell and kinetochores (Section 2.5). Numerical simulations of the PDE system (Eq.16-Eq.17) were conducted in matlab. The diffusion coefficient for APC/C is known from the literature (Table 1) while that of MCC (or I * ) is not. Therefore the simulations were repeated using four different values for the MCC diffusion coefficient, (Table 1 and Fig. 4A-D) . One of these values (referred to here as 'realistic') is chosen with reference to experimental work on MCC subunits (cf. Mad2, BubR1, Bub2, and Cdc20; see Table 1 ). The other values span a wide range to allow any effects of diffusion to be observed. Following the idea by Doncic et. al [8] , only the last unattached kinetochore was considered. Hence, the parameter U was assumed to be constant and to refer only to the last unattached kinetochore (cf. U = 1, and A = 92 − U = 91). The aim was to reveal, if the last kinetochore is not yet attached, how fast MCC is able to inhibit high levels of APC/C in the cell.
The simulations show that using a realistic diffusion coefficient for MCC (3µm 2 s −1 ), APC/C is inhibited very slowly after an hour (Fig. 4C) . Using lower diffusion coefficients (1µm 2 s −1 ), only 10% of the APC/C level is inhibited (Fig. 4B) while APC/C is not inhibited at all (Fig. 4A) when using an even lower value (0.1µm 2 s −1 ) . Using a diffusion coefficient higher than the realistic value (10µm 2 s −1 ) achieves proper inhibition of APC/C (Fig. 4D) . The conclusions are that a realistic diffusion coefficient is sufficient for inhibiting APC/C, albeit slowly, but a coefficient 2-3 times larger is required for proper SAC functioning. Thus, it is recommended to use a SAC model based on a PDE model, rather than solely on ODEs, though it is not essential. 
Linear Stability Analysis
As shown in the previous section, a realistic value for the diffusion coefficient does not have a strong effect on the SAC model. However, this does not exclude the possibility that diffusion influences properties of the system such as its stability. To study this, a linear stability analysis was performed on the SAC PDE model (Eqs. [16] [17] . Taking , the system will be:
Assuming small perturbations on I* and APC/C in standard form (see for example [39] ): 
and
Note that for hydrodynamic stability any second order terms in the disturbance system should be neglected [39] . Since the diffusion coefficient for I* (MCC complex) is unknown, the focus is on I*. The solution is assumed to be a propagating wave, dependent on both space and time, and given by [I * ] tot = I 0 e iγr−ct , and [AP C/C] = AP C/C 0 e iγr−ct . γ is the wave number and C is the complex speed of the wave C = C r + iC i where C i is the important parameter for stability analysis. The disturbance is damped if C i is negative, whereas for C i > 0, the disturbance will grow and lead to instability. After simplification, the relation becomes:
This indicates that the system is stable regardless of the value of the diffusion coefficient. The diffusion coefficient plays no major in the SAC model presented here because all kinetic reaction constants are already high.
Conclusion
The spindle assembly checkpoint (SAC) regulates the timing of chromosome segregation to prevent the creation of aneuploidy and tumorigenesis [55, 18, 6] . SAC is highly sensitive to kinetochore-microtubule attachment, such that even a single unattached or mis-attached kinetochore can maintain checkpoint activation and keep the APC/C complex inactive. The checkpoint is only silenced when all chromosomes are properly attached to microtubules, after which APC/C is activated and anaphase onset occurs. The mechanism by which SAC activation and silencing is achieved is still largely elusive.
Despite several systems-level mathematical efforts in recent years to model SAC activation, no model has been built with the level of detail in its mathematical abstraction that is crucial for further developments [23] . For example, no model has considered all kinetochore signals. In addition, to the best of our knowledge, there is no model of the SAC that combines both SAC activation and silence, or one that includes any kind of feedback. This is the first work presenting a mathematical analysis that integrates both SAC activation and silencing. The model is minimal in that it contains only four reactions and four species, considers all 92 kinetochore signals, and incorporates kinetochore-driven feedback on APC/C activation (for SAC silencing). The model incorporates differing levels of detail. The ODE-based model was simulated and generated a bifurcation diagram realistic switch behavior over a wide range of parameters. The model was also compared with experimental findings and found to be consistent (Table 2) .
Parameters were selected carefully. All models have the same initial concentrations which were chosen according to data from the literature ( Table 1 ). The reaction rate constants were also taken from literature where they were known. For two rate constants k 1 , and k 3 , several computations were performed using values representing the whole physiologically reasonable parameter range (see Fig. 2D and Fig. 3) .
It had been thought that diffusion is required for proper SAC functioning (e.g. [23] ). To investigate the role of diffusion, a second level of detail was implemented in a PDEbased reaction-diffusion model. Active transport (or convection) was not considered because there is no experimental evidence for transport of either APC/C or MCC. Active transport is essential for inhibitor formation, which has been studied extensively in the literature and is therefore not considered here. It has been shown both experimentally and mathematically that active transport of O-Mad2 towards the spindle mid-zone increases the efficiency of Mad2-activation in inhibiting Cdc20 [27, 19, 54] . The diffusion coefficient for APC/C is known [65] . The MCC diffusion coefficient is not known but was approximated based on its sub-components (Mad2, Cdc20, BubR1 and Bub3). This value of (3 µm 2 s −1 ) was found to be insufficient for rapid APC/C inhibition. Fast APC/C inhibition, and therefore proper SAC functioning, was found to require a value that was at least twice as high. This may be due to noise in the experimental data or because there is an additional mechanism that increase the rate independent of the kinetochores ( [29] ).
The mathematical modeling and analysis presented here can serve as a basis for more sophisticated models be used to evaluate novel hypotheses related to mitosis and the cell cycle. A combination of further experimental work and mathematical analysis be necessary to fill in the gaps in our understanding of the cell life cycle. , where D A and D B are the diffusion coefficients for A (Mad2:Cdc20) and B (BubR1:Bub3), respectively. D refers to a deletion or knockdown experiment, and O refers to an over-expression experiment. In the simulations the respective initial concentration is set to zero for the deletions, and 10-fold higher concentrations for over-expression.
